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Abstract
In this study, the ignition characteristics and the flow properties of the mixed convection flow are presented. Detailed
formulations of the forced, natural and mixed convection problems have been discussed. In order to avoid inconvenient
switch between the forced and natural convection we introduce a continuous transformation in the mixed convection.
We make a comparison between these situations which reveal a good agreement. For mixed convection flow, the ignition
distance is explicitly expressed as a function of the Prandtl number, reaction parameter and wall temperature. It has been
observed that owing to the increase of the aforesaid parameters, the thermal ignition distance is reduced. Numerical
results are illustrated for velocity, temperature, and concentration for different physical parameters. Furthermore, the
development of combustion is presented by using streamlines, isotherms and isolines of fuel and oxidizer.
Keywords Mixed convection · Ignition distance · Inclined plate · Boundary layer · Combustion
Abbreviations
B	Frequency factor (m3/kg s)
cp	Specific heat capacity of the combustible (J/ kg
K)
D	Molecular mass diffusivity (m2/ s)
E	Activation energy (J/ kg)
F, f, h	Dimensionless stream function
g	Acceleration due to gravity (m/ s2)
N	Total reaction order nF + nO
nF	Reaction order of fuel
nO	Reaction order of oxidizer
P	Pressure (N/ m2)
Pr	Prandtl number
q	Specific heat of combustion (J/ kg)
R	Universal gas constant (J/ kg K)
Sc	Schmidt number
T	Temperature (K)
T̃ 	Dimensionless temperatur
T∞	Ambient temperature (K)
U0	Free stream velocity (m/ s)
u	Streamwise velocity component (m/ s)
v	Transverse velocity component (m/ s)

W	Molecular weight (kg/ mol)
w	Rate of chemical reaction (kg/ m3s)
x	Distance along the surface (m)
y	Distance normal to the surface (m)
Y	Dimensionless transverse coordinate
YF, yF	Mass fraction of fuel
YO, yO	Mass fraction of oxidizer
YF,∞	
YF,∞: Ambient mass fraction of fuel
YO,∞	Ambient mass fraction of oxidizer
Greek symbols
α	Angle of inclination
χ	Stefan-Boltzmann constant (W/ m2 K4)
γ	Temperature exponent
δ	(T W − T∞)/T∞
/
(
)
ε	Perturbation parameter Tw2 𝜃A T∞ Tw − T∞
Φ	Dimensionless Mass fraction
Λ	Reaction parameter
η, 𝜂̂	Dimensionless transverse coordinate
θ, Θ	Dimensionless temperature
θA	Dimensionless activation energy
λ	Thermal conductivity (W/ m K)
μ	Viscosity (kg/m s)
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ν	Kinematic viscosity (m2/ s)
ξ	Dimensionless streamwise coordinate
ψ	Stream function
ρ	Density (kg/ m3)
σ	Stretched inner coordinate
τ	Perturbed temperature
ω	Dimensionless rate of chemical reaction
Subscripts
F	Fuel Fuel
fz	Chemically frozen state
I	Ignition state
in	Inner expansion
O	Oxidizer
w	Hot surface
∞	Ambient condition
Superscripts
~ 	Dimensionless variable
′	Differentiation with respect to η

1 Introduction
Reactive boundary layer flow has received extensive
attention in the case of ignition combustion because the
research on this subject is not only related to the basic
problem of combustion theory but also related to the
practical problems such as flame stabilization in combustor [5], the development of industrial combustor [4], fires
external to storage or processing equipment [7], the process of initiation of accidental fires and explosion [5] etc.
Furthermore, the ignition phenomenon is important from
an academic perspective.
Toong [1] investigated the ignition conditions in the
flow of the laminar boundary layer on a hot flat plate
under forced convection. The approximate solution to the
boundary layer equations obtained by the series expansion method. The similarity between experimental data
and the numerical results was qualitatively satisfactory.
The development of combustion was depicted to reveal
variations in velocity, temperature, reaction rate and concentration. Sheu and Lin [2] carried out the ignition phenomenon for non-catalytic flow over a wedge shaped
plate under forced convection. The apparent ignition criterion was defined according to the relevant Damköhler
number, which strongly influenced by several system
parameters.
Law [3] investigated stagnation point flow of an isothermal hot surface. If the wall temperature exceeds the critical value determined by the relevant system parameters,
the gas phase combustion occurs on the whole wall. This
critical wall temperature was considered to be the lowest
ignition temperature of the wall. Sheu and Lin [4] studied
Vol:.(1234567890)
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the combustion of a non-premixed boundary layer flow
through a wedge shaped porous plate under the effects of
forced convection. Theoretical ignition phenomena were
derived from large activation energy asymptotic methods.
In addition, asymptomatic and numerical results were
compared.
Law and Law [5] used the large activation energy
asymptotic method to study the ignition of a pre-mixed
combustible mixture on a hot plate. They noticed that
there exist self-similar solutions for the flow with chemical freezing limit and found a local similar solution in the
inner diffusion reaction zone. Under the condition of
laminar natural convection, Ono et al. [6] theoretically
and experimentally studied the ignition problem of combustibles flowing through an electrically heated vertical
plate. The results obtained from their experimental data
showed good agreement with the theoretical prediction
of a numerical analysis of the fundamental equations. The
results were illustrated combining the ignition and surface
height, surface and ambient temperature, pressure and
combustible properties.
Chen and Faeth [7] described the theoretical study of
igniting combustible gases through heated vertical surfaces. The dimensionless governing equations were solved
numerically. The progress of combustion was clarified with
respect to the changes in velocity, temperature, reaction
rate and concentration. Berman and Ryazanstev [8] studied the ignition of combustible gas on a semi infinite flat
heated plate. They used matched asymptotic expansions
for the high activation energy limit to obtain an expression for the ignition distance. Here analytical expressions
for the ignition distance were also presented to describe
the problem.
Melguizo-Gavilanes et al. [9] numerically and experimentally investigated the buoyancy-driven flow and
reaction mechanism of hydrogen-air mixture on a quickly
heated surface. The ignition system was described by utilizing preferred velocity, species and temperature terms.
Boeck et al. [10] also carried out numerical simulation and
performed experimental investigation to examine the
combustion of premixed hydrogen and air produced by
a hot glow plug. However, Treviño and Méndez [11] analyzed the ignition phenomenon of combustible mixture of
hydrogen, oxygen and nitrogen by employing asymptotic
analysis techniques. Campbell [12] examined the natural
convection in a spherical vessel to explore the action of
exothermic chemical relation. Iglesias et al. [13] described
the behavior of thermal explosion in a spherical vessel
under the natural convection.
Sparrow et al. [14] discussed the combined forced and
free convection flow of a non-isothermal body which subjected to a non-uniform free stream velocity. They used
similar solution to solve laminar boundary layer equations
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and showed that the boundary-layer solution may be
expanded into a power series in Gr/Re2. They also found
that the parameter Gr/Re2 controlling the relative importance of the forced and free convection. The velocity and
temperature functions were described on the graph for
the Prandtl number Pr = 0.7 and different values of Gr/Re2.
Merkin [15] used series expansion method to solve the
non-similar boundary layer equations and obtained two
series solutions. One of which was valid when ξ go to zero
and occurred at the leading edge and another was arising
when ξ go to an asymptotically large value.
A local similarity method was used by Lloyd and Sparrow [16] for an isothermal vertical plate. Numerical results
were exhibited for Prandtl numbers of 0.003, 0.01, 0.03,
0.72, 10 and 100. In addition, provide detailed information about liquid metals as well as gases and common
liquids. Roy and Parvin [17] studied boundary layer flow
of combustible gas under mixed convection. They used
perturbation method for smaller values of ξ and asymptotic method for larger values of ξ.
A combined free and forced convective flow was investigated by Soundalgekar et al. [18] for a semi-infinite vertical plate where they derived series solution in power of
Gr/Re2 and the resulting similarity equations were solved
numerically. A set of continuous transformations of the
boundary layer equations were introduced under mixed
convection flow by Hunt and Wilks [19]. The method displayed the evaluation of the boundary layer between the
similarity regimes. The method presented the boundary
layer evaluation between similarity regimes.
The motivation of this paper is to reveal the ignition
distance location and the flow properties of the combined
forced and natural convection flow. In order to achieve the
target, we sequentially formulate the forced and natural
convection problems. Finally, a continuous transformation is introduced to circumvent the inconvenient switch
between the forced and natural convection. Solutions of
the conservation equation are acquired by the method of
finite difference. A comparison is made between forced
and mixed convection for small values of ξ as well as natural and mixed convection which are in excellent agreement for large values of ξ. The behavior of ignition distance
with the modification of the momentum, thermal, and
concentration boundary layers at the plate is investigated.
Numerical solutions are displayed and discussed in relation to streamlines, isotherms, and concentrated isolines.
Profile of the dimensionless velocity, temperature and
concentration distribution for oxidizer and fuel are shown
graphically for several values of physical parameters.
Section 2 deals with the mathematical formulation of
the problem and asymptotic analysis is described to find
the ignition distance location under Sect. 3. Numerical
solutions methodology is explained under in Sect. 4. In
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Sect. 5, a detailed analysis of the outcomes is exhibited
for physical parameters. Section 6 summarizes the article
with concluding remarks. Reference section is attached at
the end of the article.

2 Mathematical formulation
In the presence of the gravitational field, a steady, 2D
laminar boundary layer flow has been considered over
a heated inclined surface. The flow parameters such as
velocity, pressure, and density of the flow for each point
are independent of time. The physical configuration and
coordinate system are shown in Fig. 1. Here the specific
heat of the species under constant pressure (cp) is assumed
to be constant. It is also considered that the radiative heat
transfer, Soret and Dufour effects are negligible. The fuel
(F) reacts with oxidizer (O) following an irreversible exothermic reaction as follows:

Fuel (F) + 𝜈O Oxidizer (O) → Products

(1)

That is, the fuel is transformed to the product without
any intermediate change.
Additionally, the reacting chemical is assumed to be a
mixture of ideal gases, in which the relations ρμ = ρ∞μ∞ and
ρλ = ρ∞λ∞ hold and the values of ρμ, ρλ, ρDF and ρDO are
kept constant.
Based on the above conjectures, the governing equations of boundary-layer flow on the inclined surface are
expressed as follows [20, 21]

𝜕
𝜕
(𝜌u) + (𝜌v) = 0
𝜕x
𝜕y

(2)

Fig. 1  Physical configuration of the model
Vol.:(0123456789)
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(
)
(
)
(
)
𝜕
𝜕u
𝜕u
𝜕u
= 𝜌∞ − 𝜌 g cos 𝛼 +
𝜇
+v
𝜌 u
𝜕x
𝜕y
𝜕y
𝜕y

(3)

)
(
)
(
𝜕
𝜕T
𝜕T
𝜕T
=
𝜆
+ qWF w
+v
𝜌cp u
𝜕x
𝜕y
𝜕y
𝜕y

(4)

2.1 Forced convection regime
To get a system of equations we introduce the following
conversions that applies to the entire regime of forced
convection

𝜉=
(

𝜕Y
𝜕Y
𝜌 u F +v F
𝜕x
𝜕y

)

(

𝜕Y
𝜕
=
𝜌DF F
𝜕y
𝜕y

)
− WF w
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(5)

g
x
U02

(
)1∕2
𝜓 = 𝜌∞ 𝜇∞ U0 x
f (𝜉, 𝜂), 𝜂 =

(
)
(
)
𝜕Y
𝜕Y
𝜕Y
𝜕
𝜌DO O − 𝜈O WO w
𝜌 u O +v O =
𝜕x
𝜕y
𝜕y
𝜕y

(6)

p = 𝜌RT

(7)

𝜃=

where (x, y) the distances along and normal to the surface,
(u, v) the velocity components along the x and y directions, T the temperature, ρ the density, p the pressure, μ
the viscosity, λ the thermal conductivity and Di (i = F, O) the
mass diffusivity of the combustible gas mixture within the
boundary layer, the universal gas constant and the acceleration due to gravity are symbolized by g and R. Also, α
denotes the angle of inclination of the surface towards
the gravitational field, specific heat of combustion is represented by q, the fuel and oxidizer mass fractions are symbolized by YF and YO, the molecular weights of fuel and
oxidizer are denoted by WF and WO.
In Eqs. (4)‒(6), the reaction term is represented by the
following formula,
) (
)
(
(
)
𝜌YF nF 𝜌YO nO
E
exp −
w = BT 𝛾
.
(8)
WF
WO
RT
here B the frequency factor, γ the temperature exponent, ni (i = F, O) the reaction order of fuel and oxidizer and
E the activation energy.
The corresponding boundary conditions are

(11)

(

U0
𝜌∞ 𝜇∞ x

)1∕2

∫0

cp T
T̃ − T̃∞
, T̃ =
, yF = YF , yO = YO ∕𝜒
̃Tw − T̃∞
q

y

𝜌 dy � ,

(12)

where χ = νOWO/WF stands for the mass stoichiometric ratio
between oxidizer and fuel. The scale factor along horizontal axis x is U02/ g, temperature scale T = qT̃ ∕cp, Mass fraction scale for fuel YF = yF, Mass fraction scale for oxidizer
YO = yOχ.
From Eq. (11) it is clear that when the forced convection
velocity U0 is very high and the buoyancy force is relatively
small then the value of ξ is small. So, for the forced convection flow the boundary layer is formed near the leading
edge.
The stream function ψ(x, y) is described by the following format,

u=

1 𝜕𝜓
1 𝜕𝜓
, v=−
𝜌 𝜕y
𝜌 𝜕x

(13)

Introducing the above dimensionless variables from
Eqs. (11)−(12) into the governing Eqs. (3)-(6) gives the following dimensionless form of the equations
(
)
�
𝜕f
1 ��
� 𝜕f
���
−
f + f + 𝛿𝜉𝜃 cos 𝛼 = 𝜉 f
(14)
2
𝜕𝜉
𝜕𝜉

(
)
Λ𝜉𝜔
� 𝜕𝜃
� 𝜕f
1 �� 1 �
𝜃 + f𝜃 = 𝜉 f
−
−𝜃
Pr
2
𝜕𝜉
𝜕𝜉
𝛿

(15)

u = U0 , T → T∞ , YF → YF,∞ , YO → YO,∞ as y → ∞
(10)

(
)
Λ𝜉𝜔
� 𝜕y
� 𝜕f
1 �� 1 �
yF + fyF = 𝜉 f F − yF
+
ScF
2
𝜕𝜉
𝜕𝜉
A

(16)

where U0 is the free stream velocity, T∞ and Tw the ambient temperature and surface temperature with Tw > T∞ and
YF,∞ and YO,∞ represent the ambient fuel and oxidizer mass
fractions.

(
)
Λ𝜉𝜔
� 𝜕y
� 𝜕f
1 �� 1 �
yO + fO = 𝜉 f O − yO
+
ScO
2
𝜕𝜉
𝜕𝜉
A

(17)

𝜕YF
𝜕Y
u = v = 0, T = Tw ,
= O = 0 at y = 0
𝜕y
𝜕y

Vol:.(1234567890)

(9)

where the dimensionless reaction term is presented as
follows
]
[
𝜃
n n
𝜔 = (1 + 𝛿𝜃)1+𝛾−n yF F yOO exp − A
(18)
1 + 𝛿𝜃
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where n = nF + nO and in the above equations the dimensionless parameters are defined as
𝜇cp

T − T∞
𝜇
𝜇
, ScO =
, 𝛿= w
,
𝜆
𝜌DF
𝜌DO
T∞
(
)n−1 ( )𝛾−n
U
p
q
q
E
n 1+𝛾−n
, A=
, Λ = AB 0
𝜈OO T∞
𝜃A =
RT∞
cp T∞
g WF R
cp
Pr =

, ScF =

(19)

Here, Pr is the Prandtl number, ScF the Schmidt numbers for fuel and ScO the Schmidt numbers for oxidizer, δ
the non‒dimensional surface temperature, θA the non‒
dimensional activation energy, A the non‒dimensional
heat release parameter and Λ the non‒dimensional reaction parameter.
The boundary conditions (9) and (10) now become

f = f � = 0, 𝜃 = 1,

�

�

yF = yO = 0 at𝜂 = 0

�

f → 1, 𝜃 → 0, yF → yF,∞ ,

yO → yO,∞ as𝜂 → ∞

(20)

�

F → 𝜉 −1∕2 , Θ → 0, yF → yF,∞ ,

For the propose of obtaining a system of equations relevant for both forced and natural convection, the coordinate transformations for mixed convection will be
𝜉=

𝜉=

g
x, Y =
U02

g
2
𝜌2∞ 𝜇∞

x −1∕4

∫0

(
)
�
2 1∕4 3∕4
𝜌 dy , 𝜓 = g𝜌2∞ 𝜇∞
x F(𝜉, Y),

𝜃(𝜉, 𝜂) = Θ(𝜉, Y), yF (𝜉, 𝜂) = yF (𝜉, Y), yO (𝜉, 𝜂) = yO (𝜉, Y).

(

U0
𝜌∞ 𝜇∞ x

)1∕2
(1 + 𝜉)1∕4

∫0

y

(
)1∕2
�
𝜌 dy , 𝜓 = 𝜌∞ 𝜇∞ U0 x
̂
(1 + 𝜉)1∕4 h(𝜉, 𝜂),

(29)

It is evident from Eq. (29) that when ξ is small the above
transformations become similar to that of the forced convection and when ξ is large they reduce to that of the
free convection flow. Combining the relations given in
Eqs. (29), the gossverning Eqs. (3)-(6) are

2 + 3𝜉
𝜉
hh�� −
h�2
4(1 + 𝜉)
2(1 + 𝜉)
)
(
�
𝜉
� 𝜕h
� 𝜕h
−h
+
𝜙𝛿 cos 𝛼 = 𝜉 h
𝜕𝜉
𝜕𝜉
(1 + 𝜉)

h��� +

The boundary layer in the natural convection regime is
basically formed by the buoyancy forces. The following
appropriate conversions are proposed for the natural convection regime
y

g
x, 𝜂̂ =
U02

𝜃(𝜉, 𝜂) = 𝜙(𝜉, 𝜂),
̂ yF (𝜉, 𝜂) = ΦF (𝜉, 𝜂),
̂ yO (𝜉, 𝜂) = ΦO (𝜉, 𝜂)
̂

2.2 Natural convection regime

)1∕4

yO → yO,∞ asY → ∞
(28)

2.3 Mixed convection regime

(21)

where yF,∞ = YF,∞ and yO,∞ = YO,∞/χ.

(
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(22)

Using the above transformations, Eqs. (3)-(6) are
reduced to the following form
(
)
𝜕F �
𝜕F
1 �
3
− F ��
F ��� + FF �� − F 2 + 𝛿Θ cos 𝛼 = 𝜉 F �
(23)
4
2
𝜕𝜉
𝜕𝜉

)
(
Λ𝜉(1 + 𝜉)−1∕2 𝜔
2 + 3𝜉
�
� 𝜕h
1 ��
� 𝜕𝜙
−
𝜙 +
h𝜙 = 𝜉 h
−𝜙
Pr
4(1 + 𝜉)
𝜕𝜉
𝜕𝜉
𝛿
(31)
)
(
Λ𝜉(1 + 𝜉)−1∕2 𝜔
2 + 3𝜉
�
� 𝜕ΦF
� 𝜕h
1 ��
+
ΦF +
hΦF = 𝜉 h
− ΦF
ScF
4(1 + 𝜉)
𝜕𝜉
𝜕𝜉
A

(32)

(

2 + 3𝜉
�
� 𝜕ΦO
� 𝜕h
1 ��
Φ +
hΦ = 𝜉 h
− ΦO
ScO O 4(1 + 𝜉) O
𝜕𝜉
𝜕𝜉

h = h� = 0,

𝜙 = 1,

(
)
Λ𝜉 1∕2 𝜔
� 𝜕y
� 𝜕F
1 �� 3 �
yF + FF = 𝜉 F F − yF
+
ScF
4
𝜕𝜉
𝜕𝜉
A

(25)

Λ𝜉(1 + 𝜉)
A

+

𝜔

(33)

Φ�F = Φ�O = 0 at 𝜂̂ = 0

�

(24)

−1∕2

)

Subject to the boundary conditions

h → (1 + 𝜉)−1∕2 , 𝜃 → 0, ΦF → ΦF,∞ ,

(
)
Λ𝜉 1∕2 𝜔
� 𝜕Θ
� 𝜕f
1 �� 3 �
Θ + F =𝜉 F
−
−Θ
Pr
4
𝜕𝜉
𝜕𝜉
𝛿

(30)

(34)

ΦO → ΦO,∞ as 𝜂̂ → ∞

(35)

3 Asymptotic analysis
3.1 Chemically frozen limit

(
)
Λ𝜉 1∕2 𝜔
� 𝜕y
� 𝜕F
1 �� 3 �
yO + FO = 𝜉 F O − yO
+
ScO
4
𝜕𝜉
𝜕𝜉
A

(26)

with the boundary conditions
�

F = F = 0, Θ = 1,

�

�

yF = yO = 0 atY = 0

(27)

The response of most pre-ignition regions is very weak.
From this physical way of thinking, changes in flow characteristics along the flow direction can be minimized. Firstly,
a solution under the chemical freezing limit of the standard asymptotic method is required. Secondly, considering
𝜃A → ∞, that means, the reaction condition is negligible.
Vol.:(0123456789)
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For all of these reasons, the flow field is completely frozen.
Under the above consideration the governing Eqs. (30)(33) gives the following form of the equations

2 + 3𝜉
𝜉
hh�� −
h�2
4(1 + 𝜉)
2(1 + 𝜉)
)
(
𝜉
𝜕h
𝜕h�
− h��
+
𝜙𝛿 cos 𝛼 = 𝜉 h�
𝜕𝜉
𝜕𝜉
(1 + 𝜉)

h��� +

( )
2 + 3𝜉 ��
h (𝜉, 0)𝜂̂ 2 ∕2 + O 𝜂̂ 3
𝜁 = 𝜂̂ − Pr
4(1 + 𝜉)

(36)

)
(
2 + 3𝜉
�
� 𝜕ΦF
� 𝜕h
1 ��
Φ +
hΦ = 𝜉 h
− ΦF
ScF F 4(1 + 𝜉) F
𝜕𝜉
𝜕𝜉

(38)

(
)
2 + 3𝜉
�
� 𝜕ΦO
� 𝜕h
1 ��
Φ +
hΦ = 𝜉 h
− ΦO
ScO O 4(1 + 𝜉) O
𝜕𝜉
𝜕𝜉

(39)

(46)

�

Here, 𝜙fz,w = 𝜕𝜙fz (𝜉, 0)∕𝜕 𝜂̂ . The magnitude of 𝜙′fz,w
is negative for the problem of interest. The perturbation parameter
by 𝜀 and expressed as
/
( is symbolized
)
𝜀 = Tw2 𝜃A T∞ Tw − T∞ .
The temperature in the inner region is expressed as
follows
( )
𝜙in = 𝜙f + 𝜀𝜏 + O 𝜀2
(47)
According to the coordinate σ, the inner expansion (47)
becomes

( )
( )
𝜕𝜙(𝜉, 0)
+ O 𝜂̂ 2 + 𝜀𝜏 + O 𝜀2
𝜕 𝜂̂
( )
= 𝜙w + 𝜀(𝜏 − 𝜎) + O 𝜀2 .

subject to the conditions (34) and (35).

𝜙in = 𝜙w +

3.2 Weakly reactive state
Ignition is more likely to occur near high temperature walls
(𝜂̂ → 0), because of large activation energy. With this criterion, we set up the following coordinate transformation,
]
[
𝜂̂
𝜂̂
2 + 3𝜉
h d 𝜂̂ d 𝜂∕C
̂
𝜁=
exp − Pr
(40)
∫0
4(1 + 𝜉) ∫0

(45)

When 𝜂̂ → 0 and ζ → 0, the stretched inner coordinate
considered as
�

(37)

(48)

After substituting Eq. (48) into (42), as 𝜂̂ → 0 we have
[
]
��
(
)
f (𝜉, 0) 𝜕𝜏
1 𝜕h(𝜉, 0) 𝜕𝜏
𝜕2 𝜏
− Pr 𝜉 𝜀 �
𝜎
=
− 1 − 𝜀3
�3
2
𝜕𝜉
𝜕𝜎
𝜕𝜎
𝜕𝜎
𝜙f ,w
𝜙f ,w
( )n−𝛾 (
)
(
)
Φno
WFno
𝜙w 1+𝛾−n ΦnF
E
Λ q
𝜀 Pr
o
F
exp −
exp (𝜏 − 𝜎)
− � 2 𝜉(1 + 𝜉)−1∕2
no
𝛿
c
𝜙
W
R𝜙
𝜙f ,w
p
∞
w
o

(49)

𝜕2 𝜏
Conspicuously, the diffusion term 𝜕𝜎
2

where

∫0

]/
C

[

𝜎 = −C𝜙fz,w 𝜁∕𝜀

(
)
2 + 3𝜉
�
� 𝜕𝜙
� 𝜕h
1 ��
𝜙 +
h𝜙 = 𝜉 h
−𝜙
Pr
4(1 + 𝜉)
𝜕𝜉
𝜕𝜉

C=
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∞

]
[
𝜂̂
2 + 3𝜉
h d 𝜂̂ d 𝜂̂
exp − Pr
4(1 + 𝜉) ∫0

(41)

Then, obtaining the new form of energy equation
applying the transformation (40)
)
(
𝜕2 𝜙
Pr Λ 2
𝜕h� 𝜕𝜙 𝜕h 𝜕𝜙
−
Q 𝜉(1 + 𝜉)−1∕2 𝜔
−
=
Pr
Q𝜉
Q
𝜕𝜁 𝜕𝜉
𝜕𝜉 𝜕𝜁
𝛿
𝜕𝜁 2
(42)

of Eq. (49) is more
dominating than the other term on left. In Eq. (49), the
diffusion term and the reaction term are balanced in the
weak reaction condition. Therefore, Eq. (49) is simplified to

d2𝜏
1
= − Δ exp (𝜏 − 𝜎)
2
d𝜎 2

(50)

where
Δ=

2𝜀 Pr
Λ
𝜉(1 + 𝜉)−1∕2
�
𝛿
𝜙f 2,w

(

q
cp

)n−𝛾 (

𝜙w
𝜙∞

)1+𝛾−n

Φno
WFno
ΦnF
o
F
Wono

(51)

where

]
[
𝜂̂
2 + 3𝜉
h d 𝜂̂
Q(𝜂)
̂ = C exp − Pr
4(1 + 𝜉) ∫0

The boundary conditions are
(43)

𝜏 = 0 at 𝜎 = 0,

The boundary conditions take the following form

𝜙 = 1 at 𝜁 = 0 and 𝜙 = 0 at 𝜁 = 1

(44)

According to Eq. (40), as 𝜂̂ → 0 the transformed coordinate ζ becomes
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(
)
E
exp −
R𝜙w

𝜕2𝜏
→ 0 at 𝜎 → ∞
𝜕𝜎 2

(52)

The condition (52) can be determined by matching the
inner and outer solutions which was performed by Law
and Law [5] and Rangle et al. [22].
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Fig. 2  Compare a velocity, b temperature and c concentration profiles with Chen and Faeth [7]

3.3 Ignition criterion

ΔI = M𝜉(1 + 𝜉)−1∕2 = 1

In Ref. [3], it is concluded that two solutions are found
for the condition Δ < 1, however, there is no solution for
Δ > 1. That is why the ignition must occur for Δ = 1. As the
DamkÖhler number is the ratio of the chemical effect to
transport effect, the condition ΔI = 1 represents the balance between the reaction rate and the convective mass
transport rate. Assuming,

Combining (54) and (11), the first ignition location in
dimensional form is
√
U02 1 + 1 + 4M2
(55)
xI =
g
2M2

( )n−𝛾 (
)
(
)
Φno
WFno
𝜙w 1+𝛾−n ΦnF
E
2𝜀 Pr Λ q
o
F
exp −
M = �2
𝜙∞
Wono
R𝜙w
𝜙f ,w 𝛿 cp

(53)

Equation (51) yields

(54)

It is worthy of mentioning that the ignition distance
location, xI, depends on the wall temperature, Tw. In this
work, the critical temperature is the minimum temperature that is needed for starting ignition. When the ignition
is first occurring, then in the presence of fuel and oxidizer
the ignition temperature being high and ignition distance
become small rapidly. At this stage the value of ignition
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Fig. 3  sa Velocity, b temperature, c fuel and d oxidizer concentration versus η for small values of ξ when Pr = 0.7, Sc = 0.65, α = 45° and
Λ = 1.8 × 105

distance is approximately zero. Sheu and Lin [4] analyzed
that when Tw is greater than a critical value, ignition would
occur simultaneously over the entire surface. So, the ignition could happen for this minimum critical temperature.
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4 Numerical solutions
In this study, Fortran 90 programming language has been
used for numerical simulation. Equations 30 and 33 are
solved via the finite difference method. According to said
method, we initially adopt the following assumptions to
transform the partial differential Eqs. (30)-(33) into a system of second-order differential equations,
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Fig. 4  a Velocity, b temperature, c fuel and d oxidizer concentration versus Y for large values of ξ when Pr = 0.7, Sc = 0.65, α = 45° and
Λ = 1.8 × 105

�

h = u, h = v

(56)

Substituting Eq. (56) into the Eqs. (30)-(33), we obtain
(
)
� 𝜕v
��
�
𝜕u
1
2
−u
u + p1 vu − p2 u + p2 𝜙𝛿 cos 𝛼 = 𝜉 u
(57)
2
𝜕𝜉
𝜕𝜉

(
)
𝜕𝜙
�
� 𝜕v
1 ��
Λ𝜔
𝜙 + p1 v𝜙 = 𝜉 u
− p3
−𝜙
Pr
𝜕𝜉
𝜕𝜉
𝛿

)
(
𝜕ΦF
�
� 𝜕v
1 ��
Λ𝜔
ΦF + p1 vΦF = 𝜉 u
− ΦF
+ p3
ScF
𝜕𝜉
𝜕𝜉
A

(59)

(
)
𝜕ΦO
�
� 𝜕v
1 ��
Λ𝜔
Φ + p1 vΦO = 𝜉 u
+ p3
− ΦO
ScO O
𝜕𝜉
𝜕𝜉
A

(60)

The corresponding boundary conditions are
(58)

v(𝜉, 0) = u(𝜉, 0) = 0,

�

�

𝜙(𝜉, 0) = 1, yF (𝜉, 0) = yO (𝜉, 0) = 0
(61)

u(𝜉, ∞) → (1 + 𝜉)−1∕2 , 𝜙(𝜉, ∞) → 0, yF (𝜉, ∞) → yF,∞ ,

yO (𝜉, ∞) → yO,∞

(62)
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Fig. 5  At ξ = 30.0, Sc = 0.65, α = 45° and Λ = 1.8 × 105, impact of Prandtl number, Pr, on a velocity, b temperature, c fuel and d oxidizer concentration

Here we consider,

p1 =

2 + 3𝜉
𝜉
𝜉
, p3 =
, p2 =
4(1 + 𝜉)
(1 + 𝜉)
(1 + 𝜉)1∕2

(63)

Now, we use the central difference approximation along
the η direction and the backward difference for the ξ direction. Then, the tri‒diagonal algebraic equation system is
expressed as the following form

Bk Wi,j−1 + Ak Wi,j + Ck Wi,j+1 = Dk

(64)

Here, Wi, j represents the unknowns such as the functions u, ϕ, ΦF and ΦO. The subscript k = 1, 4 represents
the momentum equation, the energy equation and
Vol:.(1234567890)

the species equations for fuel and oxidizer respectively.
Moreover, i = 1, M and j = 1, N are the corresponding grid
points in ξ and 𝜂̂-directions, respectively. Keeping j fixed,
the well-known Thomas algorithm [23] is used to solve the
tri‒diagonal Eq. (64) for i (= 1, 2, 3,…, M). Then express the
result in j directions. Until the steady state is reached, the
solution is determined from ξ = 0.0 at each step in the ξ
direction. The convergence criterions are selected so that
the difference between the values of h(𝜉, 𝜂)
̂ in two succes‒5
sive iterations is less than 10 . For the present numerical
simulation, the final mesh sizes are considered as Δξ = 0.01,
Δ𝜂̂ = 0.025. Along ξ direction, the computation is carried
out starting at ξ = 0.0 and proceeding to ξ = 50.
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Fig. 6  At ξ = 30.0, Pr = 0.7, α = 45° and Λ = 1.8 × 105, impact of Schmidt number, Sc, on a velocity, b temperature, c fuel and d oxidizer concentration

5 Results and discussion
Using the finite difference method, the governing conservation equations of the two dimensional, steady, laminar
boundary layer flow on the heated inclined plate under
the three discrete modes are solved. For the mixed convection, the natural convection is of comparable order of
forced convection. We thus define coordinate variable ξ
(= g/U02x) in the ratio of gravitational force and convection velocity.
It indicates that when the forced convection velocity
U0 is very high and the buoyancy force is relatively small

then the value of ξ is small. So, for the forced convection
flow the boundary layer is formed near the leading edge.
In addition, when the buoyancy force is dominant, the
value of ξ is large enough and the boundary layer develops far from the leading edge which is known as natural
convection.
According to the above concept, we are trying to verify
the accuracy of numerical results solving the forced convection Eqs. 14, 17, natural convection Eqs. 23, 26 and
mixed convection Eq. 30, 33. For small values of ξ, mixed
convection behaves like forced convection and large values of ξ, mixed convection acts like natural convection.

Vol.:(0123456789)

Research Article

SN Applied Sciences

(2021) 3:352

| https://doi.org/10.1007/s42452-021-04363-4

Fig. 7  At ξ = 30.0, Pr = 0.7, Sc = 0.65 and Λ = 1.8 × 105, impact of inclined surface angle, α, on a velocity, b temperature, c fuel and d oxidizer
concentration

The variation of physical parameters such as Prandtl number (Pr), Scmidth number (Sc), angle of inclination of the
surface (α), and reaction parameter (Λ) on the velocity,
temperature, fuel and oxidizer concentration profiles are
illustrated. The effect of varying physical parameter on the
streamlines, isotherms and isolines of fuel and oxidizer
concentration are also demonstrated. Finally, observe the
relationship between ignition and related system parameters through graphical methods.
Here the properties of the butane-air mixture are
taken as nF = 0.15, nO = 1.65, WF = 58 g/mol, WO = 32 g/
mol, YF,∞ = YO,∞ = 0.2, γ = 0.75, νO = 6.5, q = 4.2 × 107 J/kg,
cp = 1046 J/(kg K), p = 1 atm [4, 24], Pr = 0.7, ScF = ScO = 0.65,
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θ A = 34.3, T ∞ = 293 K, Tw /T ∞ = 3.9 [7], g = 9.8 m/s 2 ,
B = 3.4 × 108, μ∞ = 10−5 kg/(ms) and Λ = 1.84 × 105.
In Figs. 2a and c we demonstrate the numerical solutions considering the parameters from Chen and Faeth [7]
with the aim of validating the present solutions. Chen and
Faeth [7] explained their numerical solution via graphical
method. They don’t give any experimental data. For this
reason we choose graphical method to verify the numerical solutions.
It is observed that if we assume α = 0.0 in Eq. (23),
nO = 0.0 and γ = 0.0 in Eq. (23), the model of this study will
adopt the form of [7]. Furthermore, the boundary conditions (27) and (28) are considered as yF,∞ = yO,∞ = 1.0 and
F ’ → 0 at Y → . It is observed from Figs. 2a and c that the
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Fig. 8  At ξ = 30.0, Pr = 0.7, Sc = 0.65 and α = 45°, impact of reaction parameter, Λ, on a velocity, b temperature, c fuel and d oxidizer concentration versus 𝜂̂

current solution is in good agreement with Chen and
Faeth’s solution [7].

5.1 Effect on velocity, temperature, fuel
and oxidizer concentration profiles for different
physical parameters.
Figure 3a and d shows the comparison of forced convection and mixed convection for different values of coordinate variables ξ. It is noted that figures are drawn considering the relations between forced and mixed convection
for small values of ξ, while Pr = 0.7, Sc = 0.65 and α = 45°.
The results show that for small ξ, forced convection and
mixed convection have good consistency. The relations

between natural and mixed convection are shown in
Figs. 4a-d for large values of ξ. It can be clearly seen from
the figure that the solutions are very consistent for large
values of ξ, when Pr = 0.7, Sc = 0.65 and α = 45°.
The impact of Prandtl number, Pr, on the velocity,
temperature, fuel concentration and oxidizer concentration are illustrated in Figs. 5a-d. The Prandtl number
(Pr = μcp/ λ) is defined as the dimensionless ratio between
kinematic viscosity and thermal diffusivity. It is seen that
the increase of the Prandtl number means the increase of
the kinematic viscosity or a decrease of the thermal diffusivity. If the momentum diffusivity increases, then the
velocity of the fluid is increasing gradually. Accordingly,
the momentum boundary layer thickness decrease. On the
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Fig. 9  Influence of prandtl number, Pr, on a streamlines, b isotherms, c isolines for fuel and d isolines for oxidizer concentration at ξ = 30,
Sc = 0.65, α = 45° and Λ = 1.8 × 105

contrary, increase of the Prandtl number, Pr, the thickness
of the thermal boundary layer. The concentration boundary layer for fuel rising with mounting value of Pr till η = 2.2.
But after η = 2.2 reversal scenario has occurred. Likewise,
with an increasing value of Pr up to η = 1.8, the concentration boundary layer for oxidizer increases. But there is an
opposite situation after η = 1.8.
The effect of the Schmidt number, Sc, on the velocity,
temperature, fuel concentration and oxidizer concentration is depicted in Figs. 6a-d. The results show that the
momentum and thermal boundary layer of the higher Sc
value remain unchanged, but the concentration boundary
layer is significantly reduced. The Schmidt number (ScF = μ
/ρDF, ScO = μ /ρDO) is a dimensionless number, which is
defined as the ratio of motion diffusivity to mass diffusivity. We see that Sc becomes higher for increasing value of
kinematic viscosity or decreasing of mass diffusivity. Figure 6c and d present that with an increasing value of Sc
within the range of = 0.0 to 1.25, the concentration boundary layer for fuel decreases. But it is exchange it’s characteristic after η = 1.25. Similarly, the concentration boundary
Vol:.(1234567890)

layer for oxidizer boosts, with a higher value of Sc up to
η = 1.15. But there is an opposite scene after η = 1.15.
Figures 7a and 6d exhibite the impact of the angle of
inclination, α on velocity, temperature, fuel concentration and oxidizer concentration. The results show that
with the increase of the inclination angle, the velocity,
the boundary layer flow rate of the fuel and oxidant concentration decrease, and the temperature distribution is
contradictory. The thermal boundary layer increases with
the increases of the values of α. This is because as the inclination angle increases, the influence of buoyancy force
due to thermal changes decreases by a factor of cos(α) as
the plate is inclined. It can be noted that if α = 0 the issue
reduces to the vertical flat plate and when α = 30, 45, 60
the problem decreases to the inclined flat plate.
Figures 8a and d exhibit the impact of the variation in
the value of Λ on the velocity, temperature and concentration profiles, when the ambient temperature is fixed. It
can be understood from Eq. (19) that the parameter of the
reaction, Λ depends on the frequency factor, B. Collisions
between the molecules of the combustible occurs with the
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Fig. 10  Influence of Schmidt number, Sc, on a streamlines, b isotherms, c isolines for fuel and (d) isolines for oxidizer concentration at ξ = 30,
Pr = 0.7, α = 45° and Λ = 1.8 × 105

increasing value of B. Heat is produced for this reason. This
has a significant impact on the rate of reaction and then
the reaction rate becomes higher. Reaction parameter, Λ is
proportional to the dimensionless reaction rate, ω. Therefore, the increase in Λ produces an increase in the reaction
rate that increases the momentum boundary layer and the
thermal border layer thickness. On the other hand, the
concentration boundary layer for fuel and oxidizer reduce
with for the higher value of reaction parameter.

5.2 Illustration of streamline, isotherms
and isolines of concentration for different
physical parameters
Figures 9a−d show the influence of Prandtl number on the
streamlines, isotherms, isolines of fuel and isolines of oxidizer concentration, while Sc = 0.65, α = 45°and ξ = 30. It is
seen that the momentum and the concentration boundary
layers become thicker for higher values of Pr. However the
thermal boundary layer decreases as the Prandtl number

increases. It is because when Pr is higher, the produced
heat is transferred away from the surface at a lower rate.
The pattern of streamlines, isotherms, isolines of fuel
and isolines of oxidizer concentration for different values of Schmidt number is exhibited in Figs. 10a-d, taking
Pr = 0.65, α = 45° and ξ = 30. It is seen from the figure that
for higher Sc values, the momentum boundary layer and
thermal boundary layer are almost unchanged. On the
other hand, the concentration boundary layer is significantly reduced.
Figures 11a−d depict the variation of streamlines, isotherms, isolines of fuel and oxidizer isolines of concentration for different values of angle, α, while Pr = 0.7, Sc = 0.65
and ξ = 30. It is evident from the figures that as the value of
the inclination angle α of the plate increases, the momentum boundary layer and the concentration boundary layer
become thicker, and the thermal boundary layer becomes
thinner. This is why the increase in the inclination with
respect to the horizontal direction enhances buoyancy
force.
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Fig. 11  Influence of inclined surface angle, α, on a streamlines, b isotherms, c isolines for fuel and d isolines for oxidizer concentration at
ξ = 30, Pr = 0.7, Sc = 0.65 and Λ = 1.8 × 105

The variation of reaction parameter, Λ on streamlines,
isotherms, isolines of fuel and isolines of oxidizer concentration are illustrated in Figs. 12a, d, taking Pr = 0.65,
Sc = 0.65, α = 45° and ξ = 30. The reaction rate, ω increases
for higher values of Λ. So, heat is generated from the
chemical reaction near the surface. It is seen that the
higher values of reaction parameter, thicken the momentum and concentration boundary layers as well as the thermal boundary layer.

5.3 Effects of various physical parameters
on the ignition distance profile
Using the ignition distance XI,ξ=0 for Pr = 0.7, Sc = 0.65 and
T∞ = 293 K, the dimensionless ignition distance XI/XI,ξ=0 is
introduced here.
The effect of Pr on the value of XI/XI,ξ=0 is shown in
Fig. 13. Results indicate that the ignition distance diminishes for higher values of Pr. As Prandtl number is the ratio
of the momentum diffusivity to the thermal diffusivity,
higher value of Pr causes smaller heat diffusion from the
Vol:.(1234567890)

surface to the nearby region. So, a larger Prandtl number
induces faster ignition.
According to Fig. 14, a slightly increased wall temperature causes a considerable reduction in ignition distance.
In the initial phase of the ignition phenomenon, the wall
temperature is low and the effect of the combustion on
the process is negligible. For this reason, ignition distance
is maximized. The higher values of the wall temperature
determine the growth of the ignition region. In this study,
we have been considered 3.9 as a critical value of dimensionless ignition temperature. In Fig. 14, we are numerically investigated that if the value of Tw /T∞ > 3.9 then the
value of XI/XI, ξ=0 is gradually decreasing. On the other
hand, the value of XI/XI, ξ=0 is competitively large when Tw
/T∞ < 3.9. It is also noticeable that the magnitude of XI/XI,ξ=0
is very small for Tw /T∞ > 5.2. As a result, it can be understood that ignition occurs simultaneously over the whole
surface. Furthermore, we calculate the asymptotic results
and it is seen that the asymptotic and numerical solutions
qualitatively agree well.
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Fig. 12  Influence of reaction parameter, Λ, on a streamlines, b isotherms, c isolines for fuel and d isolines for oxidizer concentration at ξ = 30,
Pr = 0.7, Sc = 0.65 and α = 45°

Fig. 13  Impact of Prandtl number, Pr, on the ignition distance

Fig. 14  Impact of wall temperature on ignition distance

An increase in the reaction parameters, Λ, leads to an
increase in the reaction rate and plays a role in reducing

the ignition distance. Figure 15 presents the effect of the
reaction parameters of the ignition distance.
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The paper can be extended to study the effect of time
and radiation. This may help in investigating ignition distance location more accurately.
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Fig. 15  Impact of reaction parameter, Λ, on ignition distance

6 Conclusions
The problem of thermal ignition of a combustible boundary-layer flow over an inclined hot plate has been examined under mixed convection. The governing boundary
layer equations are converted to a dimensionless form.
Then the obtained nonlinear systems of partial differential equations are numerically solved by the finite difference method. A comparison is made between forced and
mixed convection for small values of ξ as well as natural
and mixed convection which are in excellent agreement
for large values of ξ. The obtained results are presented
graphically and it is pointed out that.
1

2

3

4

5

As the value of the dimensionless coordinate variable
increases, the thickness of the temperature boundary layer and the concentration boundary layer both
decrease, while the thickness of the momentum
boundary layer increases.
For a higher Prandtl number, the momentum boundary layer and the concentration boundary layer
become thicker, but as the Prandtl number increases,
the thermal boundary layer decreases.
Because of higher Schmidt numbers, the momentum boundary layer and thermal boundary layer are
almost unaffected. At the same time, the concentration boundary layer is significantly reduced.
For the sake of higher inclination angles, the thickness
of the momentum boundary layer and the concentration boundary layer are noticeably increased.
For increasing values of the reaction parameter,
thicken the momentum and concentration boundary
layers, as well as the thermal boundary layer.
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